We show that obliquely-incident, transversely-magnetic-polarized plane waves can be totally transmitted (with zero reflection) through epsilon-near-zero (ENZ) bi-layers characterized by balanced loss and gain with parity-time (PT ) symmetry. This tunneling phenomenon is mediated by the excitation of a surface-wave localized at the interface separating the loss and gain regions. We determine the parameter configurations for which the phenomenon may occur and, in particular, the relationship between the incidence direction and the electrical thickness. We show that, below a critical threshold of gain and loss, there always exists a tunneling angle which, for moderately thick (wavelength-sized) structures, approaches a critical value dictated by the surface-wave phasematching condition. We also investigate the unidirectional character of the tunneling phenomenon, as well as the possible onset of spontaneous symmetry breaking, typical of PT -symmetric systems. Our results constitute an interesting example of a PT -symmetry-induced tunneling phenomenon, and may open up intriguing venues in the applications of ENZ materials featuring loss and gain.
I. INTRODUCTION
In a series of seminal works by Bender and coworkers, [1] [2] [3] it was shown that, in spite of the standard axioms in quantum mechanics, a non-Hermitian Hamiltonian characterized by the so-called parity-time (PT ) symmetry can still exhibit an entirely real energy eigenspectrum. Similar concepts had also been previously explored within the framework of atomic physics. 4 In essence, a PT -symmetric Hamiltonian commutes with the combined parity (i.e., space-reflection, r → −r) and time-reversal (t → −t, or complex-conjugation * in the time-harmonic regime) operator. 3 This implies that the quantum potential satisfies the symmetry condition V (r) = V * (−r). However, the latter is only a necessary condition for the so-called "exact" phase characterized by a real eigenspectrum. Beyond some nonHermiticity threshold, an abrupt phase transition may occur to the so-called "broken" phase characterized by a complex eigenspectrum.
3 Such phenomenon, typically referred to as spontaneous symmetry breaking, may occur since the Hamiltonian and the (anti-linear) PT operators do not necessarily share the same eigenstates. More recently, the PT -symmetry concept has elicited a great deal of interest within the fields of optics, photonics, and plasmonics. Theoretically founded on the formal analogies between Helmholtz and Schrödinger equations, such interest is motivated by the relatively simpler (by comparison with quantum physics) conception and realization of PT -symmetric electromagnetic structures by means of spatially-modulated distributions of loss and gain, either across or along the wave-propagation direction. Within this framework, the arguably simplest scenario consists of coupled optical waveguides, either in passive, lossy configurations 5 (which, after appropriate transformations, are pseudo PT -symmetric) or in the actual presence of loss and gain. 6 Starting from these simpler configurations, a number of different PT -symmetryinspired phenomena and effects have been studied in optical, plasmonic, and metamaterial structures, from both theoretical/numerical [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and experimental [25] [26] [27] sides. Besides the very intriguing application-oriented perspectives in the development of novel devices and components (e.g., switches, lasers, absorbers), optical and photonic analogies may also serve as more feasible experimental testbeds for controversial PT -symmetry-induced quantum-field effects. 28 Also worth of mention is the research field of PT -symmetric electronics, based on circuit implementations where gain can naturally be introduced via amplifiers.
29,30
A particularly simple and yet very insightful PTsymmetric optical configuration is obtained by pairing two material slabs characterized by permittivities (and/or permeabilities) with same real part and opposite imaginary parts, i.e., loss at one side and gain at the other side. In the topical literature, such PTsymmetric bi-layers have been studied extensively under normally-incident plane-wave illumination, showing in-triguing anomalous effects such as spectral singularities, 7 coherent perfect absorption, 13 and anisotropic transmission resonances.
17 Against this background, in this paper, we deal instead with oblique plane-wave illumination. We show that, for suitable field polarization and constitutive parameters, a propagating plane-wave obliquely impinging from vacuum may effectively tunnel (with zero reflection) through the PT -symmetric bi-layer. This phenomenon is mediated by the excitation of a localized surface wave at the interface separating the gain and loss regions, and generally exhibits a unidirectional character, i.e., zero reflection is achieved only when exciting the structure from one side and not from the other.
In particular, we focus on the epsilon-near-zero (ENZ) regime, i.e., vanishingly small real part of the permittivities, for which the above phenomena may be observed even in the presence of reasonably low levels of loss and gain, and moderately thick structures. Recently, ENZ materials have gained a growing attention, 31 and their application has been suggested in a variety of scenarios including, among others, supercoupling, 32 tailoring the radiation phase pattern of sources, 33 dielectric sensing, 34 enhancing the photon density of state for embedded emitters, 35, 36 boosting nonlinear effects, 37-39 subwavelength image manipulation, 40 nonlocal transformation optics, 41 , and field enhancement. 42 Moreover, for these materials, the effects of loss and gain have been studied in connection with loss compensation, [43] [44] [45] perfect absorption and giant magnification, 46 loss-enhanced transmission and collimation, 47 coherent-perfect absorption, 48 lossinduced omnidirectional bending, 49 and gain-assisted harmonic generation. 50 Our study here provides a new perspective in the effect of balanced loss and gain in ENZ materials.
The rest of the paper is organized as follows. After an outline of the problem (geometry, assumptions, and observables) in Sec. II, we present the main analytical derivations and numerical results (Sec. III), with details relegated in three Appendices. In connection with the tunneling condition, we identify three regimes of operation (depending on the loss/gain level), and the possible presence of a critical tunneling angle dictated by the dispersion law of the surface-wave excited at the interface separating the loss and gain regions. We also study the unidirectional character of the phenomenon, as well as the onset of spontaneous symmetry-breaking (Sec. IV) and, finally, provide some conclusions and perspectives (Sec. V).
II. PROBLEM STATEMENT

A. Geometry and Assumptions
As illustrated in Fig. 1 , the geometry of interest features an isotropic, non-magnetic (i.e., relative permeability µ = 1), piece-wise homogeneous PT -symmetric
so that the left and right halves (−d < z < 0 and 0 < z < d, respectively) are characterized by gain and loss, respectively. Moreover, we focus on the ENZ limit
We are interested in studying the electromagnetic response under transverse-magnetic (TM) plane-wave illumination obliquely-incident from either sides (cf. Fig.  1 ). Accordingly, we consider a unit-amplitude, y-directed magnetic field (H
where the subscripts l and r (and + and − signs) denote the incidence from the left and right, respectively. For propagating waves with incidence angle θ (cf. Fig. 1 ), the wavenumbers k x0 and k z0 can be expressed as
in terms of the vacuum wavenumber k 0 = ω/c 0 = 2π/λ 0 (with c 0 denoting the speed of light in vacuum, and λ 0 the corresponding wavelength). We note that for ε = 0 our scenario reduces to the case already studied in Ref. 33 , for which wave tunneling was observed at a Brewster angle θ B corresponding to the polaritonic resonance of the slab
with angular bandwidth narrowing down for decreasing values of ε and/or increasing values of k 0 d. The reader is also referred to Ref. 51 and 52 for other examples of totaltransmission through anisotropic, lossless ENZ slabs. On the other hand, in ENZ slabs characterized by slight (e.g., partially compensated) losses, a pseudo-Brewster angle can be identified for which reflection is strongly reduced due to a nonresonant impedance-matching condition.
45
Our study below complements the above results, by identifying a different wave-tunneling phenomenon that can occur in ENZ bi-layers with balanced loss and gain.
B. Observables
Referring to the incident fields in Fig. 1 , and labeling with the superscripts (R) and (T ) the corresponding reflected and transmitted fields, respectively, we define as meaningful observables the reflection coefficients for incidence from the left and right,
which are generally different, and a transmission coefficient,
which is identical for both types of incidence, due to reciprocity. The above observables are related by a generalized unitarity relation,
which, in turn, yields the conservation relation
III. MAIN ANALYTICAL AND NUMERICAL RESULTS
A. Reflection and Transmission Coefficients
The observables defined in (6) and (7) can be calculated analytically (see Appendix A for details). For the reflection coefficients, we obtain
where the + and − signs refer to the incidence from left (i.e., R l ) and right (i.e., R r ), respectively, and
with
The transmission coefficient can be instead written as
B. Tunneling Conditions
The tunneling (i.e., zero-reflection) conditions, for incidence from either side, can be derived from (10) by enforcing
subject to a posteriori verification that the denominator is nonzero. From (11b), it immediately follows that
(17) Moreover, it can be shown (see Appendix B for details) that
which implies that, for a sufficiently thick bi-layer, the tunneling condition (in θ) approaches the critical angle θ c in (17) . Such angle, which admits real values for . The cyan-shaded area identifies parameter configurations (d/λ0, ε ) for which a tunneling angle is numerically found. The dash-dotted curve represents the approximate analytical bound in (22) .
is fundamentally different from the standard Brewster angle in a conventional (lossless, gainless) dielectric slab
and it is also not related to the polaritonic resonance of a lossless ENZ slab in (5) (see also the discussion in Sec. III C below). For a better understanding, we observe that the configuration in Fig. 1 may support (in the halfspace limit d → ∞) a surface wave exponentially bound along the z direction, characterized by the dispersion relationship
Interestingly, the inherent PT -symmetry dictates that the propagation constant in (21) is always real. Moreover, it can be observed that the critical angle θ c in (17) yields the phase-matching condition for the coupling of the impinging plane wave with the surface wave in (21).
C. Results
The above observations imply that, for moderate to large electrical thicknesses, the tunneling phenomenon is mediated by the excitation of a surface wave at the gainloss interface z = 0. Nevertheless, the tunneling phenomenon can also be observed in electrically-thin structures. In the ENZ limit, it can be shown (see Appendix C for details) that, for given bi-layer permittivities and electrical thickness, there always exists an incidence angle yielding tunneling (from either side) within the interval (θ c , π/2), provided that
(22) We note that real solutions of (22) 
which is satisfied in the assumed ENZ limit. Moreover, we observe that, in the limit k 0 d → 0 (i.e., τ 0 → 0), the bound in (22) reduces to
whereas, in the asymptotic limit k 0 d → ∞ (i.e., τ 0 → 1), it reduces to the condition in (19) , which ensures real values of the critical angle in (17) . For a representative small value of ε , Fig. 2 illustrates and numerically verifies the above bound via a bipartition of the relevant parameter space (ε vs. d/λ 0 ) between a region (cyan shaded) where tunneling angles are numerically found, and another region (white) where no solution can be found. As it can be observed, such numerical bi-partition is in excellent agreement with the approximate estimate in (22) .
From Fig. 2 , we can basically identify three representative parameter configurations, as detailed below.
ε < ε l
In this case, it is always possible to achieve tunneling with a real incidence angle θ c < θ < π/2, for arbitrary values of the bi-layer electrical thickness. This is illustrated in Fig. 3 , which shows the reflection (from both sides) and transmission coefficient magnitudes, as a function of θ and d/λ 0 . As predicted, it can be observed that, for any value of d/λ 0 , and for either incidence sides, there always exists a tunneling angle. We note that, though quite similar, the responses for incidence from left (|R l |) and right (|R r |) are actually slightly different, so that a tunneling condition for incidence from left generally implies non-zero reflection for incidence from right; such unidirectional character will be discussed in more detail in Sec. IV below. Moreover, we observe that, for increasing values of the electrical thickness, the reflection dips (and corresponding transmission peaks) gradually move from π/2 and asymptotically approach the critical angle θ c in (17) , becoming increasingly narrower. This is better quantified in Fig. 4 , which shows the tunneling angle (for incidence from left) θ l [numerically extracted from Fig. 3(a) ] and corresponding full-width-half-maximum ∆θ in the transmission response [numerically extracted We note that the parameter range of interest (ε < ε l ) also includes the lossless (and gainless) limit ε → 0, which was already studied in Ref. 33 . In this regime, recalling (11b), the tunneling condition in (16) becomes
which is obviously independent on the incidence side, and it can be shown to trivially reduce to the polaritonic resonance condition in (5).
2. ε l < ε < ε u
In this case, from Fig. 2 , we expect that tunneling angles exist only for values of d/λ 0 above a critical threshold. This is confirmed by the results in Figs. 6 and 7, which qualitatively differ from those in Figs. 3 and 4 , respectively, only in the small-thickness region, wherein the reflection never vanishes. For larger values of d/λ 0 , the behavior qualitatively resembles that observed in the previous example, with the reflection dips asymptotically approaching the critical angle θ c in (17) and narrowing down. However, by comparison with the previous example, this asymptotic regime is approached for smaller values of the electrical thickness (note the different d/λ 0 scales). In this regime, the field distributions (not shown for brevity) qualitatively resemble those in Fig. 5 .
ε > ε u
In this regime, tunneling conditions are no longer achievable. From the physical viewpoint, recalling (17) and (21) , this is due to the impossibility of exciting a surface wave at the interface z = 0 with a propagating plane wave impinging from vacuum, i.e., with real values of the critical angle θ c . This is illustrated in Fig. 8 , which is markedly different from Figs. 3 and 6 above.
D. Remarks
We highlight that the possible excitation of a surface wave at the gain-loss interface z = 0, and hence the associated tunneling phenomenon, is not necessarily restricted to the insofar considered ENZ regime. From the mathematical viewpoint, the existence of a real-valued critical angle θ c in (17) can be guaranteed by the condition ε < 2 [cf. (19) ]. However, it can be observed from (16) and (11b) that, for moderate values of ε and k 0 d, this mechanism becomes effectively dominant only for values of ε corresponding to unfeasibly high levels of gain. This is exemplified in Fig. 9 , which shows the reflection-coefficient magnitude for incidence from left (i.e., |R l |), as a function of the incidence angle and electrical thickness, for a PT -symmetric bi-layer with ε = 1.5 and three representative values of ε . In particular, the reference case ε = 0 (i.e., no loss and gain) in Fig. 9(a) illustrates the standard Fabry-Perot-type oscillations, as well as the standard Brewster-angle condition typical of dielectric slabs for oblique, TM illumination. Very similar results can be observed for a configuration featuring low levels of loss and gain [ε = 0.001, cf. Fig. 9(b) ]. By further increasing ε up to high levels of gain [ε = 0.1 cf. Fig. 9(c) ], the tunneling phenomenon becomes barely visible, with the zero-reflection ridge disappearing at the standard Brewster-angle θ B = 56.3 o in (20) , and gradually appearing (beyond a critical thickness value) at the critical angle θ c = 60.22 o given by (17) . In order to obtain a markedly visible phenomenon (as in Fig. 3 ), one would need unfeasibly high levels of gain. These observations motivate our focus on the ENZ regime, for which the tunneling phenomenon is attainable even in the presence of moderate-to-small electrical thicknesses and low levels of gain and loss. Fig. 2] beyond which a tunneling angle should exist, according to the approximate estimate in (22) .
IV. SPONTANEOUS SYMMETRY BREAKING
As previously mentioned, the symmetry condition ε(z) = ε * (−z) exhibited by the bi-layer in Fig. 1 is only a necessary, but not sufficient, condition for the eigenspectrum to be real. 3 For given frequency and incidence direction, beyond a critical threshold of loss/gain level, the socalled "spontaneous symmetry breaking" may occur, i.e., an abrupt phase transition to a complex eigenspectrum. In what follows, we investigate this phenomenon by utilizing a standard approach, already applied successfully to similar configurations, 17 which studies the scattering matrix
It can be shown that the eigenvalues σ 1 and σ 2 of such matrix are either both unimodular or of reciprocal magnitude, 17 viz.,
with the two conditions |σ 1 | = |σ 2 | = 1 and |σ 1 | = 1/|σ 2 | > 1 characterizing the so-called "symmetric" and "broken" phases, respectively. 17 The transition (usually referred to as "exceptional point") between these two phases was shown to be closely related to the transition (from real to conjugate-pairs) of the natural frequencies of the system in the complex frequency-plane, i.e., the onset of spontaneous symmetry breaking.
17 Accordingly, we monitor such transitions as a function of the frequency and incidence direction for a given level of loss and gain, or, equivalently, as a function of the gain/loss level for given frequency and incidence angle. Figure 10 illustrates this phenomenon, for three representative values of ε (corresponding to those chosen in Figs. 3, 6, and 8 above) , by highlighting (cyan-shading) the regions in the parameter space (d/λ 0 , θ) where the eigenvalues σ 1 and σ 2 of the scattering matrix S 0 in (26) stay unimodular. It can be observed that, for a given value of ε and incidence angle, there exists a critical thickness value at which this transition occurs. For increasing values of ε , this transition tends to occur at smaller values of θ and d/λ 0 . It is also interesting to observe that, for incidence directions approaching the critical angle in (17) , the transition tends to occur at increasingly higher values of d/λ 0 [cf. Figs. 10(a) and 10(b) ]. This is better quantified in Fig. 11 , which, for the case ε = 0.001, shows the magnitude of the two eigenvalues as a function of d/λ 0 , for three incidence angles. It can be observed that, approaching the critical angle, the exceptional point moves towards increasingly larger values of d/λ 0 . This is not surprising since we have shown analytically that, in the asymptotic limit k 0 d → ∞ [also recalling (9) ],
which implies that the eigenvalues of scattering matrix in (26) are both unimodular. In these conditions, no symmetry breaking occurs.
As previously mentioned, the tunneling conditions are generally different for the incidence from left and right, and hence the phenomenon belongs to the general class of anisotropic transmission resonances.
17,30 These phenomena, which feature zero-reflection occurring only for incidence from one side of the structure and not from the other, have been observed in several in PTsymmetric systems, and have been associated with exceptional points of the scattering matrix, 14, 17 
which differs from that in (26) by a mere permutation of its elements. The eigenvalues of this new scattering matrix S c (though different from those of S 0 ) exhibit the same property as in (27) . Moreover, while the matrix S 0 above exhibits a single transition, 17 the matrix S c may exhibit multiple exceptional points, which correspond to anisotropic transmission resonances. This is exemplified in Fig. 12 , which, for the case ε = 0.001 and θ = 5 o , shows the magnitude of the two eigenvalues as a function of d/λ 0 . Two exceptional points can be observed, corresponding to the tunneling conditions for incidence from left and right (see also the magnified details in the inset).
V. CONCLUSIONS AND OUTLOOK
We have investigated tunneling phenomena that can occur in a PT -symmetric ENZ bi-layer under obliquelyincident, TM-polarized plane-wave illumination. In particular, we have derived simple analytical conditions which parameterize the phenomenon, and also allow its physical interpretation in terms of the excitation of a surface-wave localized at the gain-loss interface. We have also identified a critical threshold of the level of gain and loss, below which the tunneling phenomenon may occur. Beyond a critical electrical thickness, the incidence direction at which the phenomenon occurs approaches a critical angle dictated by the surface-wave phase-matching condition.
Although the occurrence of this phenomenon is not strictly limited to the ENZ limit, in such regime much lower levels of loss and gain, and only moderately thick (wavelength sized) structures are required.
Finally, via a spectral analysis, we have characterized the unidirectional character of this tunneling phenomenon, as well as the spontaneous symmetry breaking (i.e., transition from a real-valued to a complex-valued eigenspectrum) that can occur in this type of bi-layers.
The results from our prototype study constitute an interesting example of a tunneling phenomenon that is inherently induced by PT -symmetry, and may provide new perspectives in the effect of low levels of balanced loss and gain in ENZ materials. Current and future investigations are aimed at the study of more realistic configurations (based, e.g., on metal-dielectric multilayers), taking also into account the arising spatial dispersion.
Appendix A: Details on the Derivation of Eqs. (10) and (15) Assuming incidence from left, the y-directed magnetic field distribution in the various regions of Fig. 1 can be expressed as 
with k x0 and k z0 given in (4), k z1 given in (13) , and the six unknown expansion coefficients B 0 , A 1 , B 1 , A 2 , B 2 , A 3 to be calculated by enforcing the tangential-field continuity at the three interfaces z = ±d and z = 0. Within this framework, the tangential electric field can be derived from (A1) and the appropriate Maxwell's curl equation, viz.,
with η 0 denoting the vacuum characteristic impedance, and
In particular, we focus on the coefficients B 0 and A 3 , which [cf. (6) and (7)] play the role of the reflection and transmission coefficients. After cumbersome yet straightforward analytical manipulations, we obtain
The final results in (10) and (15) follow from further simplifications which exploit the PT -symmetric character. The reflection coefficient for incidence from right (R r ) can be computed by repeating the above analysis with the proper excitation or, more directly, by substituting ε 1 and k z1 with their complex conjugates (and viceversa) in (10) .
